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Two interesting problems were considered in [l]. The first one asks about 
the existence of a function f carried on (- 6, a), for a given 8 > 0, continuous 
and positive-definite on (- 00, cc), satisfying f (0) = 1, and having maximal 
L2-norm. The second problem is similar but concerns 2n-periodic function. 
An afhrmative solution is given in [l] for the first one together with a method 
of construction. The method used did not apply to the second problem, 
however, and it remained unsolved. Here a problem containing both the 
above-mentioned ones is stated and solved in the general setting of harmonic 
analysis on locally compact abelian groups. The method of solution uses 
Fourier transform techniques and Plancherel’s theorem. While in the compact 
case this alone leads to a quick solution, in the locally compact case a dis- 
cretization of the (dual of the) problem proves useful. 
Let G be a locally compact abelian group, r its dual group (both written 
additively), H a discrete subgroup of G with a discrete annihilator d. 
Let K be a (Borel) measurable subset of G containing from every coset in 
G / H exactly one element. Assume that every boundary point of K is in the 
closure of the interior of K and also in the closure of the interior of the com- 
plement of K. Let 0, the zero element of G, belong to the interior of K. 
Finally, let L be a subset of G such that 0 does not belong to its closure. 
Let Q be the set of all complex functions f on G with the properties 
(i) f is continuous and positive-definite on G; 
(ii) f (0) = 1; 
(iii) f(x) = 0 for every x # K; 
(iv) f(x) = 0 for every x EL. 
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Put 
E(f) = 1, I f(x)l” dx 
forfsL2(G). The integration and the space L2(G) are, of course, understood 
with respect to a fixed Haar measure. 
THEOREM. There is f,, E Q such that E( fO) = sup{E( f) : f E Q}, 
The choice G = RI, H the integral multiples of 26 (with well-known r 
and A), K = [- 8, S), L = @, gives the situation dealt with in [I]. The 
existence of a function f0 with the maximal possible integral of the square of 
modulus over [- rr, r) from all continuous positive-definite 2rr-periodic 
functions f such that f (t) = 0 for r 3 j t / > 6, 0 < 8 < r, and f (0) = 1, 
can be obtained by choosing 
G = T = {eit : t E [- n, n)}, H = (11, 
L = {eit : t E [- 77, - 6) U (6,7r)} 
(and obvious r, A). 
Let us assume that the Haar measures on G and rare fixed as the inversion 
formulas require and so that the measure of K is one. Define 
k(5) = SK (x, 5) dx, E E C 
and 
kM = k(6 - 4, td, TEA. 
Notice that for rl E A, k, is the Fourier transform of the function 
x + (x, 7) xx(x), where xK is the characteristic function of K. 
LEMMA 1. {k, : 7 E A} is an orthonormal system in L2(r). 
The Fourier-Plancherel transform f = q% of any function f E L2(G), such that 
f(x) = 0 for almost all x & K, is (essentially) continuous and (its continuous 
version) satisfies the relation 
with the series convergent both in L2(r) and uniformly on I’. 
Conversely, if 
4(t) = qs &l(tY~ 5 E r, (2) 
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with 
2 I % I2 < 00, (3) 
then 4 = f for a function f E L2(G) vanishing off K. 
Proof of the first part of the Lemma is given [3]. The converse part is 
obvious from the first statement and from Plancherel’s theorem. 
An improvement of the following lemma and its proof were suggested by 
E. Hewitt. 
LEMMA 2. If f is a function in L2(G) n L”(G) such that 3 3 0 almost 
everywhere on r, then f’is in Ll(r) and f is almost everywhere equal to a continu- 
ous positive-dejinite function on G. 
Proof. Let Z be a o-compact open subgroup of r such that3 = 0 almost 
everywhere off Z. By [2, Theorem 31.131, there is a sequence {z+JEr on G 
such that un(x) > 0 for all x E G, s u,(x) dx = 1, ZiJT) C [0, 11, 
lim,,, zi,([) = 1, for all < E 2. Using Parseval’s equality and Fatou’s 
lemma, we can write 
J^rfO dt = lr li:Aup 4&73(t) d5 < liy;smup s ~&~f(O dt 
r 
= lim sup n+m s G %@)f(X) dx < llf ilm IIu, II1 = llf Iloo < ~0. 
Thusf’is in Ll(T). The uniqueness theorem for Fourier transforms shows that 
f is the inverse Fourier transform ofk So the trivial part of Bochner’s theorem 
gives that f is positive-definite. 
LEMMA 3. If f is a function on G with properties (i)-(iii) and if #J =3, 
then d(E) 3 0, t E r, and 
Ip) = 1. (4) 
Conversely, ;f s,, , r] E A, are nonnegative numbers such that 
p= 1, (5) 
c s,k,(o 3 0, 5 E r, (6) 
VA 
and if 4 is defined by (2), then 4 = 3, where f is given by 
f(x) = xl4 %I(% 17) XK(X), x E G, (7) 
and has the properties (i)-(iii). 
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Proof. Suppose that f has properties (i)-(iii) and that + ==-t Since f is 
integrable and positive-definite, r#~ is continuous and 4(t) i& 0, 5 E I’. In 
particular, 4(q) 2 0, 7 E A. Now, K represents G i N, the dual group of A, 
in the sense that every continuous character on A is of the form 7 + (x, rl), 
7 t A, for some x E K, and different elements in K give rise to different 
characters in this way. Then the Fourier transform of the restriction to K of.f, 
when K interpreted as G 1 H, is the restriction of 4 to A. This restriction is 
nonnegative, as we observed, belongs toL2(d) = I”(d), and its inverse Fourier 
transform is bounded. Hence the restriction off is positive-definite if con- 
sidered as a function on G ~ H. Moreover, its Fourier transform is integrable. 
It means that the left-hand side in (4) is convergent. The equality in (4) 
follows now from (ii). 
conversely, if we assume (5) and (2), then 4 is in IJ2(r) since (5) implies (3). 
Aloreover, 6 is the Fourier-Plancherel transform of the functionf given by (7). 
It is clear from (5) that f is bounded, hence f is positive-definite since we 
assume 4(t) ; 0, E E r. It follows that f is equal almost everywhere to a 
continuous function. But the assumptions on the topological structure of 
(the boundary of) K imply that if there is a continuous function equivalent to f 
it must be given exactly by (7). 
As customary, ii(d) stands for the space of all vectors s =: (s,)),,~~ whose 
coordinates are indexed by the elements of il and such that 
Mainly the weak-star topology will be considered on subsets of /?(A). In that 
case, ii(d) is interpreted as the dual space to c&d), the space of all vectors 
f =: (QEA vanishing at infinity. 
For s E l’(d), put 
F(s) =- 1 ; s, 12. 
WA 
F is a well-defined function on P(d) and we have 
0 <F(s) < 11 s 1l max{ 1 s, j : 17 E A>, 
for every s E ll(d). 
Let S, = {s : s E /l(A), 11 s 1 = I} be the unit sphere in Zl(d). 
(8) 
LEMMA 4. On Sl the relative weak-star topology coincides with the norm 
topology. 
Proof. Let .F E S, and let E > 0. Let A, Cd be a finite set such that 
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Let m be the number of elements in A, . The set U of all t E El(d) such that 
/ t,, - s,, 1 < c/4m for 7 E A, is a weak-star neighborhood of s. But if t E U 
belongs to S, then 
c I t, I < &. 
TEA\+ 
Hence 11 s - t /I < E. It follows that, on S, , the norm topology is weaker than 
the weak-star topology. The converse is obvious. 
Only the following corollary of Lemma 4 will be needed. 
COROLLARY. The function F is continuous on S, ;f S, is equipped with the 
weak-star topology. 
The restriction to S, of every continuous linear functional on P(A) is continuous 
on S, if S, is considered in its relative weak-star topology. 
Proof. The statement about F follows from (8). The rest is clear. 
With every function f E Q we will consider the element s = D(f) in P(A) 
given by So =f(7), 7 E A. By Lemma 3, element s so obtained really belongs 
to P(A) and @i(Q) C S, . More exactly, we have 
LEMMA 5. @ is a bijection of Q onto the set P of all elements s = (s,,),,~~ 
!n S, for which (6) and 
2 %(X9 7) = 0, x EL, (9) 
holds. Moreover, 
FP(f )) = E(f) forf EQ. 
Proof. Lemma 3 gives that @(Q) = P and that @ is a bijection. The 
Plancherel theorem and Lemma 1 give that E(f) coincides with F(@(f)). 
Now it is clear that the proof of the theorem will be concluded if we prove 
LEMMA 6. The function F achieves its maximal value on P. 
Proof. Observe first that P is a set invariant with respect to the shift 
transformation. That is, if 5 E A and s = (s,JIIEd is in P, then the element 
t = (t,JnEd given by t, = s,,+r , 7 E A, belongs to P. 
Secondly, P is nonempty. In fact, we can choose an open neighborhood V 
of 0 in G such that V C K, V n L = 8. Further, there is a compact neigh- 
borhood W of 0 such that W - WC V. If g is the characteristic function of 
W, then a suitable multiple of the function x + jg(x + y) g(y) dy, x E G, 
belongs to Q. 
Now F is bounded on P, by (8). L e a = sup{F(s) : s E P}. Hence 01 > 0. t 
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Let P0 = {s = (S&d : s E P, s0 > $a}. It is known that the set Si u (0; 
is compact in the weak-star topology of P(d). The Corollary of Lemma 4 
implies that P is a weak-star closed subset of S, . In fact, condition (6) repre- 
sents an intersection of a family of closed half-spaces in P(d) and condition (9) 
means an intersection of zero-sets of a family of continuous linear functionals 
on P(d). Moreover, {s = (&i,A : s E P(d), 1 s0 I ;: &x} is a closed subset of 
P(d) not containing 0, hence P,, is a closed subset of S, u CO). It follows that 
PO is compact and P,, C S, , so, by the same Corollary, F is continuous on P,, . 
The proof will be finished if we show that, for every s E P with F(s) i‘-- in, 
there is t E P,, with F(t) = F(s). But if F(s) > &x, s = (s,,),,~~ , then, by (8) 
max{s, : 7 E A} 2 &Y. Hence, for a suitable 5 E A, I :m= (x?+&~ belongs to P,, 
and, obviously, F(t) = F(s). 
It is worth noticing that the maximizing functions in Q is not unique. In 
fact, the proof of Lemma 6 is based on the fact that the value of E(f) does not 
change if f is multiplied by a character. The question remains, whether, for 
any two functions f and g realizing maximum of E on Q, there is a character 5 
such that g = [f. 
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